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Goal of this part

In this lecture the goal is to show how some solvers for
disjunctive ASP solving implementing plain backtracking, i.e.

CMODELS,
GNT,
DLV,

try to solve the program at hand.

Again, we employ abstract solvers for presenting algorithm’s
behavior.
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A Two Layers Solver Architecture

A common architecture of a disjunctive answer set solver is
composed of two layers: a generate layer and a test layer.

The generate layer is used to obtain a set of candidates
that are potentially answer sets of a given program.

The test layer is used to verify whether a candidate is
indeed an answer set of the program.
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A Two Layers Solver Architecture: Idea

Idea
By taking advantage of the two layers architecture, the idea is
to design abstract solvers made of two graphs (with the
modeling seen for non-disjunctive ASP), that “communicate”
each other via novel transition rules that model the outcomes of
their respective solving processes.
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A Two Layers Abstract Solver Architecture: States

A state relative to sets X and X ′ of atoms is either

1 a pair (L,R)s, where L and R are records relative to X and
X ′, respectively, and s is a label (s ∈ {L,R}).

2 Ok(L), where L is a record relative to X , or

3 the distinguished state UNSAT .
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Disjunctive programs

A disjunctive program Π consists of finitely many rules of the
form

a1 ∨ · · · ∨ an ← b1, . . . ,bl ,not bl+1, . . .not bm

where
in the head

a1 ∨ · · · ∨ an

each aj is an atom, and n can be 0 (⊥), and
in the body

b1, . . . ,bl ,not bl+1, . . .not bm

each bi(1 ≤ i ≤ m) is an atom.

We can identify a rule with the clause

a1 ∨ . . . ∨ an ∨ b1 ∨ . . . ∨ bl ∨ bl+1 ∨ . . . ∨ bm.
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A Two Layers Abstract Solver Architecture: Notation

Covering

We say that a set M of literals covers a program Π if
atoms(Π) ⊆ atoms(M).

Generating function

A function g from a program to another program is a generating
(program) function if for any program Π, atoms(Π) ⊆ atoms(g(Π)).

Witness function

A function t(Π,L) from Π and a consistent set L of literals covering Π
to a non-disjunctive program Π′ is called witness (program) function.

For a witness function t , atoms(t ,Π,X ) denotes the union of
atoms(t(Π,L)) for all possible consistent and complete sets L of
literals over X .
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Abstract disjunctive CMODELS: Graph DPLL2
g,t(Π)

In CMODELS, the generate and test layers are SAT oracles.

DPLL2
g,t (Π) graph

Its nodes consists of the states relative to sets
atoms(g(Π)) and atoms(t ,Π,atoms(g(Π))), and

its edges are described by modified (wrt DPLLF ) and
additional transition rules.

Initial state
The initial state is (∅, ∅)L.
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Graph DPLL2
g,t(Π): Transition rules (I)

Left-rules

ConcludeL (L, ∅)L =⇒ UNSAT if
{

L is inconsistent and
L contains no decision literal

BacktrackL (Ll∆L′, ∅)L =⇒ (Ll, ∅)L if
{

Ll∆L′ is inconsistent and
L′ contains no decision literal

UnitL (L, ∅)L =⇒ (Ll, ∅)L if


l is a literal over atoms(g(Π)) and
l does not occur in L and
a rule in g(Π) is equivalent to C ∨ l and
all the literals of C occur in L

DecideL (L, ∅)L =⇒ (Ll∆, ∅)L if


L is consistent and
l is a literal over atoms(g(Π)) and
neither l nor l occur in L

Figure : The transition rules of the graph DPLL2
g,t (Π).
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Graph DPLL2
g,t(Π): Transition rules (II)

Right-rules

ConcludeR (L,R)R =⇒ Ok(L) if
{

R is inconsistent and
R contains no decision literal

BacktrackR (L,Rl∆R′)R =⇒ (L,Rl)R if
{

Rl∆R′ is inconsistent and
R′ contains no decision literal

UnitR (L,R)R =⇒ (L,Rl)R if


l is a literal over atoms(t(Π, L)) and
l does not occur in R and
a rule in t(Π, L) is equivalent to C ∨ l and
all the literals of C occur in L

DecideR (L,R)R =⇒ (L,Rl∆)R if


R is consistent and
l is a literal over atoms(t(Π, L)) and
neither l nor l occur in R

Figure : The transition rules of the graph DPLL2
g,t (Π).
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Graph DPLL2
g,t(Π): Transition rules (III)

Crossing-rule LR
CrossLR (L, ∅)L =⇒ (L, ∅)R if

{
no left-rule applies

Crossing-rulesRL

ConcludeRL (L,R)R =⇒ UNSAT if
{

no right-rule applies and
L contains no decision literal

BacktrackRL (Ll∆L′,R)R =⇒ (Ll, ∅)L if
{

no right-rule applies and
L′ contains no decision literal

Figure : The transition rules of the graph DPLL2
g,t (Π).
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A definition for the next formal results

Definition
We say that a graph G checks the stable models of a program
Π when all the following conditions hold:

1 G is finite and acyclic;
2 Any terminal state in G is either UNSAT or of the form

Ok(L);
3 If a state Ok(L) is reachable from the initial state in G then

L|atoms(Π) is an answer s of Π;
4 UNSAT is reachable from the initial state in G if and only if

Π does not have answer sets.
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Abstract disjunctive CMODELS

CMODELS with plain backtracking implements
DP-ASSAT-PROC procedure [Lierler, 2005].

Given a disjunctive program Π, in CMODELS:
the generate layer relies on gC(Π), which corresponds to
the clausified Comp(Π), and
the test layer relies on a witness formula function tC that
intuitively tests minimality of models of completion.

These functions are defined, e.g. at pages 11-12
of [Brochenin et al., 2016].
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Abstract disjunctive CMODELS: Formal result

Theorem

For any program Π, the graph DPLL2
gC ,tC (Π) checks the stable

models of Π.
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Abstract GNT: Graph

In GNT [Janhunen et al., 2006], instead, the two layers employ
instances of SMODELS.

SM2
g,t (Π) graph

The nodes are defined as previously, and
the edges are justified by the transition rules of SMΠ,
marked with subscript s ∈ {L,R}, and crossing rules of
DPLL2

g,t (Π) graph.
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Abstract GNT: Formal result

We are given
gG(Π), and
tG(Π,L)

defined as in [Janhunen et al., 2006].

Theorem

For any Π, the graph SM2
gG,tG (Π) checks the stable models of Π.
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Abstract GNT: Example (I)

Let
Propagate

correspond to the application of a transition rule in
{UnitPropagateLP,AllRulesCancelled ,BackchainTrue,BackchainFalse,Unfounded},
and

Propagaten

refer to the application of (the same rule in) Propagate (n times,
n > 1).
Given the following program Π:

a← c.
b ← c.

c ← a,b.
a ∨ b ← .
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Abstract GNT: Example (II)

gG(Π) = a← c
b ← c
c ← a, b
a← not ar

b ← not br

ar ← not a
br ← not b
← not a, not b
as ← c
as ← not b
bs ← c
bs ← not a
← a, not as

← b, not bs

tG(Π, L) = a← not ar

ar ← not a
← not a, not b
← a, not b, not c

Initial state : (∅, ∅)L
DecideL : ((ar )∆, ∅)L
Propagate2

L : ((ar )∆ a as, ∅)L
DecideL : ((ar )∆ a as b∆

, ∅)L
PropagateL : ((ar )∆ a as b∆ br , ∅)L
PropagateL : ((ar )∆ a as b∆ br c, ∅)L
DecideL : ((ar )∆ a as b∆ br c bs, ∅)L
CrossLR : ((ar )∆ a as b∆ br c, ∅)R

Let L = (ar )∆ a as b∆ br c

Current state : (L, ∅)R
DecideR : (L, a∆)R
PropagateR : (L, a∆ b)R
PropagateR : (L, a∆ b b)R
BacktrackR : (L, a)R
PropagateR : (L, a ar )R
Propagate2

R : (L, a ar b c)R
PropagateR : (L, a ar b c c)R
ConcludeR : Ok(L)
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Abstract DLV: Graph

In DLV [Leone et al., 2006], the generate layer is similar to an
application of SMODELS, while the test layer employs a SAT solver.

SM∨
g (Π)× DPLLt (Π) graph

The nodes are defined as previously, and

the edges are justified by the transition rules of DPLLF , marked
with R, crossing rules, and modified SMΠ (called SM∨

Π ) rules,
marked with L, without Unfounded and with some updated left
rules, e.g.

dAllRulesCancelledL :

(L, ∅)L =⇒ (La, ∅)L if
{

for each rule a∨A← B of Π
B is contradicted by L
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Abstract DLV: Formal result

We are given
gD(Π) to be the identity function, and
tD(Π,L) defined as in [Koch et al., 2003].

Theorem
For any Π, the graph SM∨

gD (Π)× DPLLtD (Π) checks the stable
models of Π.
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Abstract DLV: Example

Given the following program Π:

a← c.
b ← c.

c ← a,b.
a ∨ b ← .
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Abstract DLV: Example (II)

gD(Π) = a← c
b ← c
c ← a, b
a ∨ b ←

tD(Π, L) = a ∨ c
b ∨ c
c ∨ a ∨ b
a ∨ b
c ∨ a ∨ b

tD(Π, L′) = a
b
c ∨ a
a ∨ b
a

Initial state : (∅, ∅)L
DecideL : (c∆, ∅)L
Propagate2

L : (c∆ a b, ∅)L
CrossLR : (c∆ a b, ∅)R

Let L = c∆ a b

Current state : (L, ∅)R
DecideR : (L, a∆)R
Propagate2

R : (L, a∆ c b)R
BacktrackRL : (c, ∅)L
DecideL : (c a∆, ∅)L
PropagateL : (c a∆ b, ∅)L
CrossLR : (c a∆ b, ∅)R

Let L′ = c a∆ b

Current state : (L′, ∅)R
Propagate2

R : (L′, a a)R
ConcludeR : Ok(L′)
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Designing a new abstract solver through combination

New DPLLg(Π)× SMt (Π) graph

The set of nodes are defined as previously.

The edges of the graph DPLLg(Π)× SMt (Π) are specified
by (i) the Left-rules and Crossing-rules of the graph
DPLL2

g,t , and (ii) the Right-rules SM2
g,t .
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